FORMAL STRUCTURE OF DIRECT IMAGE OF 
HOLONOMIC D-MODULES OF EXPONENTIAL TYPE 

CELINE ROUCAIROL 

f 1 ^ | Abstract. We compute formal invariants associated with the cohomol- 

f*^ . ogy sheaves of the direct image of holonomic ©-modules of exponential 

^SJ ' type. We also prove that every formal C[[£]](<9t)- modules is isomorphic, 

after a ramification, to a germ of formalized direct image of analytic 

D-module of exponential type. 
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rZ" 1, Introduction 

o, 

^ , Let X be a complex manifold. We denote by Ox (resp. T>x) the sheaf of 

holomorphic functions (resp. holomorphic differential operators) on X. For 
any reduced divisor Z in X, we denote by Ox[*Z] the sheaf of meromorphic 
functions with poles along Z at most. Given a regular holonomic 2^-module 
A4 and a meromorphic function g on X with poles along Z, we define the 
Dx-module Me 9 as being the Ox-module M[*Z] := Ox[*Z] ®o x M witn 

CN ' connection V g defined as V + dg, where V is the connection on .M[*Z] 

given by its left Px- m odule structure. It is known that Me 9 is a holonomic 

^f\ \ 2?x- m °dule. It is irregular along Z . We will say A4e 9 has exponential type. 

In the algebraic setting, if U is a smooth algebraic variety over C, we 
use an exponent "alg" in the notation of the corresponding sheaves and we 
define the notion of a holonomic 2?^ g -module of exponential type similarly. 

<^ • Let Aie 9 be a holonomic T>x-module of exponential type. The cohomol- 

ogy sheaves of its direct image by any proper map / : X — > C to a complex 
curve are holonomic Pc-modules with possibly irregular singularities. The 
main result of this article consists in the computation of the formal invariants 
of these cohomology modules at their singularities. 

The basic computation takes place in the following setting: the complex 

S^ manifold X is the product D x P 1 of a small disc D centered at the origin 

in C by the Riemann sphere, the meromorphic function g is the projection 
P2 : X — > P 1 with polar divisor Z = Dx {00} and the map / is the projection 
P\ : X — > D. We will denote by t a coordinate on D. As above, .M is a 
regular holonomic Px-module. The only interesting cohomology module to 
consider is J\f = TC°pi+(Me p ' 2 ) and we assume that D is small enough so 
that is the only singular point of J\f. 

In a neighbourhood U of (0, 00) £ D x P 1 , the singular support of M is 
an analytic curve S. We denote by {Si \ £ € A} the set consisting of the 
local irreducible components of S which are distinct of {0} x P 1 or D x {00}. 
Set U* = U \S. To any Si at (0, 00) we associate: 
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• mg G N*: the multiplicity of the conormal space To X in the char- 
acteristic cycle of M. . 

• Vli ft £ N*: the intersection multiplicity at (0, oo) of Si with {0} x P 1 
and D x {oo}, respectively. 

• Qg C M 2 : the convex hull in R 2 of the union of Q := {(u,v) G R 2 \ 
u < 0, v > 0} and (mipi, mgqg) + Q. 

• ag G t _1 C[t _1 ] and Sg G C{r}: the polar part and the holomorphic 
part of a Puiseux parametrization of Sg at (0, oo). Let ug G C{r}, 
ue(0) 7^ 0, such that j(t) := (r Pe ,T~ qt ug) is a parametrization of 
Sg. ag is the polar part of T~ qe ug and bg is its holomorphic part 
(r~ qe -ug = ag + 5g). 

The irregularity number of TVo is computed in [9]. But, we can go further 
in computing formal invariants of Mq- 

THEOREM 0.1. 

(1) After a suitable translation, the Newton polygon of the T>Dfi-module 
Mo is the Minkowski sum Ylg^A Qt • ^ n particular, the set of slopes of Mo is 
{qi/Pi Ks A} and the irregularity number of No is X^eA m ^- 

(2) Let p = lcm{p^ | £ E A}. After the ramification p : D — »■ D, p(r) = 
t = t p , the formal irregular part of p*Mo decomposes as (B a erRaC a where: 

• r C T _1 C[r _1 ] is a finite subset and a G T if and only if there exist 
£ G A and £ G C* with £ Pi = 1 such that 

a(r)=a / (^/«); 

the set of such £ G A is denoted by A a . 

• R a is a regular holonomic C[[r]]{d T ) -module, R a = i? Q [r _1 ] ^ and 
the rank of R Q is X^gA m £ ■ 

But we can also compute the characteristic polynomial of the monodromy 
of R a under the assumption (*): for any £,£ G A and for any &,£^ G C* 
with if = 1 and Q' = 1, 

(l,b) + (t^e) => <*l(.&* /pt ) + 5,(0) ± a £ ,(^T p/p *') + fy(0). 

We remark that p = (p,id) : D x P 1 — > D x P 1 is a normalization of all 
the Sg's. For any £ G A, p ~ 1 (Sg) is the union of some smooth irreductible 
analytic curves S\. 

Then to any Sg we associate Q G C[A]: the characteristic polynomial of 
the monodromy of §h e (DR Mi) around (0, 0) in a normalization of Sg, where 
h£ = is an equation of Si. Here, §h e is the vanishing cycle functor along 
Si for bounded complex with constructible cohomology (cf. [8], §1) and DR 
is the de Rham functor (cf. Definition 2.6.4 p. 27 in [H]). $ he (DR M) 
has support included in Sg and <&h e (DR M)\s e \{(o,o)} i s J us t a local system. 



FORMAL STRUCTURE OF DIRECT IMAGE OF HOLONOMIC ©-MODULES 3 

Then, Q is the characteristic polynomial of the monodromy of the local 
system p~ l {^y Ll {DR ■M-))\s i \\to,o)} around (0,0) (do not confuse with the 

monodromy around Sg). As S}~ S%, for i, j G {1, . . . ,pe}, Q is independant 
of i. 

THEOREM 0.2. Under the assumption (*), the characteristic polynomial 
of the monodromy of R a is equal to J^ga Ci- 

Conversely, we prove in Theorem 12.11 that given any formal holonomic 
C[[t]](9i)-module J\f, there exist a ramification p : r — > t = t p and a reg- 
ular holonomic V Dx ^,i -module A4, such that p*(M) is isomorphic to the 
formalization of p* (H°pi + (Me P2 )) . 

In the algebraic setting, let us assume that U is affine and that / and g are 
regular functions on U. Let M. be a holonomic £>^ g -module which has reg- 
ular singularities included at infinity. The direct images N k := 7i k f+{M.e 9 ) 
are holonomic C[t](9f)-modules with singularities at finite distance on the 
affine line A 1 and at infinity. We will reduce the computation of the formal 
invariants of Af k at each of its singularities c G A 1 U {oo} to the situation of 
Theorem 10.11 through the diagram 



^U A 1 x A 1 



»1 s^ TD>1 } c 



U — ) A 1 x A 1 A P 1 x P 1 4S- D c x P 1 . 

Let V c denote the direct image i*(i + (f,g) + A4) an . It consists in a complex 
of T> DcX pi -modules with regular holonomic cohomology modules TC k V c - 

THEOREM 0.3. The germs M k and H p 1+ (H kr P c e P2 ) c have the same 
formal irregular part. 

(oV) 6w> t,M 

M.} 



Singular support of H k (i+(f, g)+A4) an . d is a regular singularity of Af k . c 
and oo are irregular singularities. 

EXAMPLE 0.4. Let U be a smooth affine surface. Suppose f, g : U — > A 1 
are algebraically independant and M = Oy S . The only interesting coho- 
mology module to consider is M = TC f+(O^j g e 9 ); the others cohomology 
modules have punctual support (cf. Proposition 5.1 of |15j ). 

Let c € A 1 U {oo} and S be the singular support of ri G i + {f,g) + Ojj in 
the neighbourhood of (c, oo) . Theorem \0.1\ and Theorem \0.S\ allow us to 
describe the Newton polygon of M c , up to a suitable translation, using the 
set {Si | £ G A} of irreducible components of S which are distinct of {c} xP 1 
or P 1 x {oo} and the multiplicity mi of To (P 1 X P 1 ) in the characteristic 

cycle of n°i+(f,g)+Ou. 

But we can give a geometrical interpretation of the Si 's and the mi 's. Let 
X be a smooth compactification of U such that there exists two holomorphic 
functions F, G : X — > P 1 which extend f and g. Let T be the critical locus of 
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(F,G) and D be the divisor X\ U. We denote by Ai (resp. A2J t/ie cycle 
m P 1 x P 1 w/wc/i zs the closure of (F, G)(T) n (A 1 x A 1 ) (Vesp. (F, G)(D) n 
(A 1 x A 1 ),), where the image is counted with multiplicity. If c £ A 1 (resp. 
c = 00 j, t/ie S^ 7 s are i/te irreducible components of the germ Ai \ ({c} x P 1 ) 
fnesp. Ai U A2J at (c, 00); m^ is £/ie multiplicity of Se in Ai \ ({c} x P 1 ) 
(resp. Ai U A2J. I7ws computation can be found in [H] (Theorem 6.4-1)- 

We shall assume that the reader is familiar with the definitions and the 
properties of the specialization functor and the nearby cycles functor for 
V- modules along a hypersurface and we refer to |3], [9], [17], [7] and [8] 
for details. Given Y <Z X a, smooth hypersurface of X defined by a global 
equation h = and given M a specializable X>jf-module, we will denote 
by spy M. the specialization of M. along Y and by ^-M the nearby cy- 
cle module of M. along Y . If V,A4 is the canonical V-filtration with re- 
spect to the lexical order on C ~ R © iR, sp y M = QpzcVpM/V^M and 
^h-M- = ffi-i</3<o^s-^/^</3-^- Same definitions hold for Y hypersurface 
with normal crossings. We will also denote by *$>h the nearby cycle functor 
for bounded complexes with constructible cohomology (cf [8] §1). 

Let us explain the method we use to compute the formal invariants. We 
note that if a summand R a e a shows up in the formal decomposition of a 
C{t}(9i)-module N$ after a ramification p, then R a is the formal regular 
part of ((p*A/")e _a )o- This formal regular part can be recovered from the 
specialization of (p*N)e~ a at the origin (cf. Example 5.2.1 in [7J). More- 
over, as R a is localized at the origin, the rank of R a and the characteristic 
polynomial of the monodromy of R a can be computed using the nearby cy- 
cles module of (p*M)e~ a at the origin. One of the main results we use is the 
commutation of the specialization functor (resp. nearby cycles functor) with 
proper direct images (cf. Theorem 9.4.1 in [7J for complexes of D-modules 
and Theorem 4.8 — 1 in [17J for D-modules). This property reduces the 
proof of Theorem 10.11 to local analytic computations on a suitable blowing- 
up space of D x P 1 above (0, 00). It is also the main argument in the proof 
of Theorem [ 



1. Direct image of holonomic P-module of exponential type: 

the case of projections 

This section is devoted to the proof of Theorems 10.11 and 10.21 We first 
note that Theorem 10.11 (2) induces the construction of the Newton polygon 

(Theorem ED (1)). 

Let s£N*. Denote by T s the set of a € T with pole of order s and by A s 
the set of £ £ A such that pqe/pe = s. The Newton polygon of (B a er s Rae a 
has just one slope, equal to s; its height is the product of the rank of ® a er 3 Ra 
by the slope. According to Theorem lO.il (2). the slope is equal to pqe/pt, for 

all £ G A s , and the height is J2aer s T,eeA a PQe m e/Pt = 12eeA s P<U m t- If Qi 
denotes the convex hull in M 2 of the union of Q and (m£P£,pmiq() + Q, the 
Newton polygon of p*N$ is, after a suitable translation, the Minkowski sum 
Ylee\Qe- ^ e deduce the Newton polygon of Mq from the one of p*A/"o by a 
dilation of the vertical axis in a ratio 1/p (cf. Lemma 5.4.3 p. 34 of [18J). 
We focus now on the proof of Theorem 10.11 (2) and Theorem 10.21 
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1.1. Ramification. The choice of the ramification enables us to reduce the 
proof of Theorem 10. II and 10.21 to the case where the p^s are equal to 1; it is 
the non ramified case (p = 1). 

We begin with a base change formula. Let p 1 : D x P 1 — > D and 
p 2 : D x P 1 — > P 1 be the canonical projections. Consider the cartesian 
diagram: 

D' x P 1 -^ DxP 1 
Pi P 1 

LEMMA 1.1. p* Pl+ (Me P2 ) = p' l+ (p'*(M)e p '^). 

Proof. Denote by p DR Dx pi/ D (resp. p DR Z) / xpl , D i) the relative de Rham 

functor of p\ (resp. p 1 ). We adopt the convention that the relative de Rham 
complexes are concentrated in negative degrees. We have isomorphisms of 
complexes of T> D i -modules: 

p* Pl+ (Me P2 ) = 

= V D ,^ D ® p -x Vd p^Rpu p DR DxP i/ D (MePi) (by definition), 
= 2V-D %-^n KPuP- 1 p DR Dxpl/D (^e^), 
(Proposition 2.6.7 in [B]), 

= %i*P D 'xPi^xPi ® P '-^ Dxrl P' 1 p VR Dxpl/D (Me p *)), 
(Proposition 2.6.6 in pa]), 

= Rp' u p DR D , xpl/D ,((2V xpl ^ Dxpl ® p '-i Vdx¥1 p-HM))&), 
= p' 1+ (p'*(M)eP2). 

D 

We deduce that p*N = H°p l+ {p'*{M)e^). 

Then we remark that the set {S\ \ I € A, % = 1, . . . ,pi} consists of the irre- 
ducible components of the singular support S of p *{M) in a neighbourhood 
U of (0, oo), which are distinct of {0} x P 1 or D x {oo}. Let £i, . . . , £ Pt be 
the p^-roots of the unity. Up to change of indices i, a parametrization of S\ 
is given by j(t) = (r, ai{^iT p ' Pl ) + 5i(^iT p ' Pe )); in particular, the intersection 
multiplicity p\ at (0, oo) of S\ with {0} x P 1 is 1. 

In the next section, we will prove Theorem 10.11 (2) and Theorem 10.21 in 
the case where all the pes are equal to 1. Then, we may apply it to p *(M). 
At last, we have to compute the data associated with each S\ using data 
associated with the Sgs. But we have: 

• the polar part of a Puiseux parametrization of S\ at (0, oo) is cte(£i TP )■ 
Moreover, if the assumption (*) is fulfilled for M. it is also fulfilled for 
P*(M), 

• rri£ is the multiplicity o£T*i(D xP 1 ) in the characterstic cycle of p *(M), 
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• Q is the characteristic polynomial of the monodromy of the local system 
<& h i DR (p *(A4))i S i\ x(o,o)} around (0, 0), where h\ = is an equation of S\. 

1.2. Non ramified case: pi = 1, for all ^ G A. If we prove that the 
rank of R a is equal to X^eA m ^> the irregularity number at of M and 
of ©Q, G r-RQe Q are both equal to J^eeA 771 ^ ( c ^- PS] for A/"). Then it is 
sufficient to prove that each summand R a e a , with a € T, shows up in the 
formal decomposition of A/o and to compute the rank and the characteristic 
polynomial of the monodromy of each R a . 

Let a £ T. We denote by sp (AAe~ a ) the specialization of J\fe~ a at the 
origin. sp (A/"e _a )o is a C[£](<9t)-module. As announced in the introduction, 
R a is the formal regular part of (Ne~ a )o. It can be recovered using the 
isomorphism R a = C[[t]] <8>c[t] s Po(-^' e_a )o (cf. Example 5.2.1 of [7J). Let 
^t(N&~ a ) be the nearby cycles module of Me~ a at the origin. i &t(Ne~ a )o 
is a finite dimensional C-vector space equipped with an endomorphism of 
monodromy induced by exp(— 2iirtdt). As Ne~ a is localized at the origin, 
the rank of R a is the dimension of ^ / i(AAe~ a )o and the characteristic poly- 
nomials of their monodromies are equal. 

But we have, ^ t {Me- a ) = RT({0} x P 1 ,DR ^ Pl {Me P2 - aopi )[+l]). In- 
deed, 

Me- a =O D [\]e- a ®o D n Pl+ {MeP*), 

= D [\]e- a ®^ D n Pl+ (MeP 2 ), (flatness), 
= {0 D [\\e- a ® OD V D ) ®\ )d H° Pl+ (MePi), 
= W° Pl+ ((0Dxpi[i]e- aopi ® ODxrl V Dx¥1 ) ®% d M4»), 
(Prop 2.6.6 in [6J), 
= H°pi + (MeP 2 - a °P 1 ). 

Let pi : {0} xP'-t {0}. According to the commutation of the nearby 
cycle functor with proper direct image (cf. Theorem 4.8-1 p. 226 of |17j). 

*t(Me- a ) = H°pl + (t> pl (MeP*- a °Pi)) , 

= RT({0} xP 1 ,DR y pi (MeP 2 - aopi )[+l}), (cf. [llj p.5). 

Then, Theorem 10.11 (2) and Theorem 10.21 follows from the proposition: 

PROPOSITION 1.2. ^^(MeP^^P 1 ) has support included in (0,oo) and 
the Euler characteristic o/DR i &p 1 (Me P2 ~ aopi )ro 00 ) is — XfgA rn ^- 
Moreover, under the assumption (*), the zeta function of its monodromy is 

IlfeAc (e ■ 

The proof is given in the next sections. 

REMARK 1.3. In the non ramified case, the assumption (*) is equivalent 
to: 

W,/eA a , *^/ =^(0)^(0). 

1.3. Local computations of nearby cycles modules. In this section, we 
prepare the proof of Proposition 11.21 by giving some computations of nearby 
cycles modules along a normal crossing. Let V be a neighbourhood of (0, 0) 
in C 2 and (u, v) be some coordinates on V. Let hA be a regular holonomic 
Py-module and m, n, k, I E N. We are interested in nearby cycles modules 
of the type ^^^f^e 1 /"^'). 
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1.3.1. Nearby cycles module along u m v n = of a module of exponential 
type. Suppose that the singular support of M. is included in uv = 0. Let 
V* = V \ {uv = 0}. Ai\y* is a holomorphic connection; we denote by r 
its rank. Thus (DR A4W* is a local system. For P € V* , we consider the 
monodromy Tp of (DR M.)p around u = 0. As V* is connected and the 
singular support of M. is included in a normal crossing, the characteristic 
polynomial of Tp does not depend on P (cf. 1.2.2 p. 55 in [13]). We denote 
it by Cr- 

LEMMA 1.4. (1) Ifk,m> 1, V(Me 1/ut ) = 0. 

(g; Ifk,l,m,> 1 andn>0, tf«» w »(.Me 1 / ,4V ) = 0. 



(5J If n > 1, the Euler characteristic of BR ^ U v n (M[^]e 1/v )( 0fl ) 
equal to —r and the zeta function of its monodromy is Cr . 



is 



Proof. The proof of the last two points is given in Lemma 4.5.10 of [19] and 
its proof. The shift in the third point comes from the convention on the de 
Rham complexes. The first point is also proved in [19] in the case where 
A4 = A4[-}. To conclude, it is sufficient to prove it in the case where M has 
support in v = 0. We have M. = i + Li*(M.)[+l], where i : {v = 0} <—* V, and 
Li*(M)[+l] is just a module. As ^ um {Li*(M)[+l]e l / uk )) = (computation 
in one variable), we deduce that ^ u m{M.e l ' u ) = 0. □ 



1.3.2. Nearby cycles module along u = of a regular T>y-module. Let S be 
the singular support of M. and {Si \ £ G A} be the set consisting of the 
irreducible components of S which are distinct of u = 0. We will assume 
that the intersection multiplicity at (0, 0) of 5^ with u = is equal 
to 1. 

We denote by r the rank of A4. To any Si, we associate mg, the multi- 
plicity of the conormal space T~V in the characteristic cycle of M.. 

s t 

LEMMA 1.5. The Euler characteristic of DR l I / u(A / ([^])(o i o) is equal to 

Proof. As A4 is regular holonomic, 

DR ^ u (M[i]) = DR V U (M) (Proposition 2.4-3 in [H]), 

= * U (DR M) (Theorem 4.10.1 p. 233 in [T7|). 

Let e and n small enough such that any Se intersects X e ^ = B(0,e) D 
{u = rj} at a unique point Pg (by assumption) and ^ n (DR A / ()(o i o) = 
Mr(A efl ,DR M) (cf. Remark 1.1-7 in 0). Denote by X c eT] = X e ^\{P iy £ € 
A}. Let Be, £ € A, be some disjoint balls centered at Pe of radius small 
enough. 

According to the index theorem of Kashiwara (Theorem 6.3.1 in [5]), the 
Euler characteristic of (DR M)p, P € Af^, (resp. (DR M)p t ) is equal 
to r (resp. r — mi). As (DR M)\x € is constructible with respect to the 
stratification {X° „,Pt, £ £ A}, the Euler characteristic of Mr(A (Efl , DR A4) 
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may be computed using the Mayer- Vietoris Theorem. We obtain: 

x(lT(I £fl ,DR M)) = #r(I^DRM)) + ^ eA x((DRM)p ( ) 

-EeeAX(^T(B e \{P e },DR M)), 

= x{X c e , n ).r + Y.i>eh( r - m d 
-EieAX(Be\{Pi}).r, 

D 

The zeta function of the monodromy of DR ^ / n(-^[^])(o,o) can n °t be 
compute with this method in the general case. Nevertheless, we can do it 
when the singular support of M is included in the normal crossing uv = 0. 
We adopt the notations of the section [T.3. 11 Let Vq = {v = 0} \ {(0,0)}. 
We denote by £ the characteristic polynomial of the monodromy of the local 
system </>„(DR Al)iy around (0,0). 

LEMMA 1.6. If the singular support of At is included in a normal crossing 
uv = 0, the zeta function of the monodromy o/DR ^u(-A4[^])(o,o) is equal 
to( r (-\ 

Proof. We have DR ¥«(.M[£])(o,o) = HmRT (X e:V ,DR M). 

As the singular support of A\ is included in uv = and as DR Ai is 
constructible with respect to a stratification such that uv = is a union of 
strata, we have RT(X €jV , DR M) = (DR M)p, where P € Vq is the inter- 
section point of X e ^ with v = 0. Then, the zeta function of the monodromy 
of DR x I / m(A / 1[-])(o,o) coincide with the zeta function of the monodromy of 
the complex of local systems (DR M)\y around (0,0). 

Consider the triangle of complexes of local systems: 

(DR M)\ Vo -» #„(DR M)\ Vo -► 0„(DR M)\ Vo ±J . 

As the zeta function of the monodromy of ^(DR A4)\y around (0,0) is 
( r , Lemma 11.61 follows. □ 

1.4. Proof of Proposition 11.21 

First we have to prove that ^ Pl (A / (e P2 ~ aopi )(o,c) = 0, for any c ^ oo. But 
in a neighbourhood U of (0, c) in D X P , there exist coordinates (x, y) such 
that pi(x,y) = x, p2(x,y) = y and aoj?! ~^, for some q € N*. Therefore, 

^ Pl {Me P2 ~ aopi )^^ = *:c(.M|[/esr)( 0) o). As the singular support of M\ v is 
not necessarily a normal crossing at (0, 0), we can not apply directly Lemma 
Oil. 

The idea is to use a resolution tt = (7ri,7r2) : X — ► U, with exceptional 
locus E, such that the singular support of n* (Ai\u)[*TTi (0)] has normal 

crossings in a neighbourhood of any point of E. As A\ is holonomic and 

_ 1 

ir is a proper isomorphism out of E, Ai\ue~^ = TT + (-K*(Ai\u)e "i ) (cf. 
Proposition 7.4.5 of [32]). Using the commutation of the proper direct image 
with $? and DR (Theorem 4.8.1 p. 226 in [T7] and Theorem 5.4.3 p. 77 in 
[j~2]). we deduce that 

(**) DR V x (M\ue-&) m = Rr(E,HR 9 n (ir*(M\u)e~^)). 
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• If P is a smooth point of nT 1 (0), we have ^^(^{M^e "i)p = 
(cf. Lemma ll.41 1). 

• If P is a normal crossing point of 7rj~ (0), according to Lemma ll.4l 

Then ^ x (M\ue~^)^^ = ° and ^(-MeP 2-00 ? 1 ) has support included 
in (0, oo). 

Let us now focus on ty pi (Aie P2 ~ aopi )( 0tOO y In a neighbourhood U of 
(0, oo) in D x P 1 , there exist coordinates (x,y) such that Pi(x,y) = x, 
P2{x, y) = 1/y and p2 — a o pi(x, y) = 1/y — a(x). To simplify notation, we 
will set g = 1/y — a(x). Then we have: 

xy 

We have to compute the Euler characteristic and the zeta function of the 
monodromy of DR ^x(-Mp[^-]e 9 )^ 00 y We can not use directly the local 

computations because g is not equivalent to a function of the type l/x k y l 
at (0,0). But we will be led to this situation with the help of a resolution. 
The choice of a good resolution is relevant for the end of the proof. 

1.4.1. Choice of a resolution. 

LEMMA 1.7. There exists a resolution n = (vri,^) : X — > U with ex- 
ceptional locus E (actually it is a finite composition of the blow-up of the 
point (0, 0) € U and some blow-up of points in its exceptional locus) which 
satisfies the following conditions: 

(1) Let E = -K^ 1 {{xy = 0}). There exists a unique irreducible component 

Ed of E which intersects E \ Ed in a unique point P. Moreover, in 
a neighbourhood of any point Q € E , we can choose local coordinates 
(u, v) on X such that: 
(a) IfQiE d , 

• 7Ti (u, v) = u m and g o n(u, v) ~ 1/u , with m,k > 1, 
or 

• nx(u,v) = u m v n and goir(u, v) ~ 1/u v , with k,l,m > 1, 
n>0. 

(b)IfQ = P, 

• u = (resp. v = 0) is an equation of Ed (resp. of the 
other component of E), 

• 7Ti(u, v) = uv n and g o ir(u, v) ~ 1/v, with n > 1. 

(c) IfQeE d \{P}, 

• u = is an equation of Ed, 

• ttx(u, v) = u and g o ir(u,v) = a + v, with a G C. 

(2) The singular support of ir*(M\u[-^-]) = ir*(M\jj)[*E] has at most 
normal crossings at any point of E\Ed- 
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,g~l/iW 



^g-l/v ^-g-a+v 



Figure 1. Exceptional locus E 

Proof. By reducing to the same denominator, we have g = {x q — yf3)/x q y, 
with e C[x] and /J(0) / 0. 

Let us begin by proving the first point. We will perform 2q blow-up 
of points. The resolution tree we will obtain has just one branch and the 
component Ed will be the exceptional locus of the last blow-up. 

The first q blow-up allow us to decrease the degree on x in the numerator. 
We obtain a resolution ir = (711,712) composition of q blow-up 

x<«> ^ ... _ x w ^ u 

u u 

E q Ei 

with exceptional locus E = E\ U . . . U E q , such that g o it can be written 
locally as in the case (a) except at a point I £ E q \E q _i. In a neighbourhood 
of this point, we can choose local coordinates (u,v) such that tti(u,v) = u 
and g o n(u,v) = (wy(u) — v(3(u))/u q h(v), with h(v) = v + l//?(0) and 
7 (n) = (/3(0)-/3( U ))//3(0)n. 

Now the q — 1 next blow-up allow us to decrease the degree in u in the 
denominator and the degree in u of y(u). We obtain a new resolution ir = 
(7Ti,7T2), composition of 2q — 1 blow-up, such that g o n can be written 
locally as in the case (a) except at a point J G E<i q -\ \ £?2g-2- In some 
suitable local coordinates (u,w) in a neighbourhood of J, 7Ti(n, v) = u and 
51 o tt(u,v) = (cu — v(3(u))/uh(u,v), with c constant and h(u,v) invertible. 

At last, we blow-up J. The exceptional locus of this last blow up is Ed 
and we can verify the local behaviour of g on Ed- The details are left to the 
reader. 

To prove the second point, it is sufficient to perform additional blow-up 
of points in E \ Ed- □ 

We denote by S? the strict transform of Sg. 

COROLLARY 1.8. 

(1) Let £ e A. S e nE d ^® if and only if £ G A a . 

(2) The assumption (*) is equivalent to: \/£,£ E A a , £ ^ £ =^> S^DEd ^ 

Sfi n Ed . 

Proof. (1) According to the choice of the resolution, Sg H E& ^ if and only 
if S e n (E d \ {P}) + 0. Let Q e €S e n (E d \ {P}) and (u,v) be some local 
coordinates in the neighbourhood of Qg such that / o ir(u,v) = a + v and 
7Ti(u,v) = u, with a G C. 
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As the intersection multiplicity of Sc with {0} xP 1 is 1 and as tti(u, v) = u, 
the intersection multiplicity of Si with Ed is also 1. Then: 

S e n E d ± 0, 

<^=^ 35(s) € C{s} such that a + v = 5(u) is an equation of Si, 

-<=> 35 (s) € C{s} such that / o n(u, v ) = 5 o m(u) is an equation of Si, 
-<=> 35(s) e C{s} such that /(x, y) = 5(x) is an equation of St, 
-<=> 3<5(s) € C{s} such that 1/y = a(x) + £(x) is an equation of Si, 

(2) Here, we want to understand the behaviour of Si after the resolution 
7T. We will keep the same notations as in the proof of Lemma 11.71 

Let £ £ A a . Then Si has equation h(x, y) = (f3(x) + x q 5e(x))y — x q = 0. 

After the first q blow-up, in the neighbourhood of the point I € E q \ E q -\ 
with local coordinates (u, v), 

h o tt(u, v) = u q {{[3{u) + u q 5 e (u))v + u(-y(u) + u 9_1 ^(u)//3(0))) . 

After the next (q — 1) blow-up, in the neighbourhood of the point J, we can 
choose local coordinates (u, v) such that 

h o tt(u, v) = u 2 "- 1 ({/3(u) + u q 5 e (u))v + u(-c + 6 t (u)/P(0) + «*(«))) , 

where <5(u) £ C{w} and c is a constant which depends only on a. 
At last, we blow-up J and obtain that in the chart u = s, v = st, 

h o tt(s, t) = s 2q (((3(s) + s q 5 e (s))t - c + 5 e (s)/(3(0) + s5(s)) . 

Then, we see that the strict transform Se of Se interesct E& at a point which 
depends only on a and 5i(0). The assertion (2) follows. □ 

1.4.2. Use of the local computations. There exists an isomorphism: 

DR 9 x (M\u[±]e<>) m =RT(E,DR ^^*{M\u[^\)e^)), 

(Same proof as for the isomorphism (**) p. [8]), 
= RT(E,BR y^{ir*(M\u)[*E\e!>™)). 

Let us first prove that the complex DR ^^(ir* (A4\u)[*E]e 9077 )\E has sup- 
port included in Ed- We have two cases to consider: 

(1) In a neighbourhood V C X of a smooth point Q in E \ Ed, ac- 
cording to Lemma 11.71 there exist coordinates (u, v) on V such 
that 7Ti(u, v) = u m , g o %(u,v) ~ l/u k and the singular support 
of it*(A4\u)[*E] is included in uv = 0. Then, according to Lemma 

ni, 

**,(** (M {u )[*E]e9°*) Q = ^ u m(n*(M {u )[*E]e^) m = 0. 

(2) In a neighbourhood V C X of a normal crossing point Q in E \ Ed, 
according to Lemma II. 7\ there exist coordinates (u, v) on V such 
that tvi(u,v) = u m v n , g o n(u,v) ~ l/u k v l and the singular support 
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of ir*(A4m)[*E] is included in uv = 0. Then, according to Lemma 
02, 

^(^(AVM^e^Q = ^u^(K*(M\u)[*E]euh) {m = 0. 
ThenDR V x {M\u[±]e<>) m = RT(E d , DR ^^*{M\u)[*E]e^)). 

Now we want to examine the complex DR x I' 7ri ('7r*(A / (|jy)[*-E , ]e 507r ) locally 
on Ed- Let T be a tubular neighbourhood of E d . According to Corollary 
0(1), the singular support St of (n*(M\u)[*E])\T is (E U (U £eAct S e )) C\T. 

Computation of the Euler characteristic: We denote by Qi, ■ ■ ■ ,Qk 

the intersection point of Ue^\ a Si with E d . 

Let r be the rank of M. As it is an isomorphism out of E, the rank 
of tt*{M.\jj) is r and the multiplicity of the conormal space T~X in the 

characteristic cycle of 11* {Mm) is mi. 




«u d 



(1) In a neighbourhood V C X of the point P, according to Lemma 
II. 71 there exist coordinates (u, v) on V such that Ki(u, v) = uv n , 
goir(u, v) ~ 1/v and the singular support of 7r*(A4 jj)[*E] is included 
in uv = 0. Then, 

* 7ri (7r*(A^| C7 )[*E] e ^) P = ^„(vr*(X| C/ )[^ ; ] e ^) ( o,o). 

Applying Lemma [1.41 3,. we conclude that the Euler characteristic 
of the complex DR ^ ni (ir*(M\u)[*E]e 907T )p is equal to -r. 

(2) In a neighbourhood V C X of a point Qj, g o 7r is holomorphic and 
7^(0) is smooth. Then we have DR ^ 7ri (7r*{M\ u )[*E]e 9 ° 7r ) Qi = 
DR x I / u(7r*(A4|t/)[i])(o,o) an d, according to Lemma [1.51 the Euler 
characteristic of the complex DR ^ ni (Tr* (M\ u )[*E]e 9 ° 7T )Q i is r - 

22s^nE d ={Qi} mi - 

(3) In a neighbourhood of a point Q £ E d \ {P, Qi, . . . , Qk}, as in the 
previous point, we prove that the Euler characteristic of the complex 
DR * 7Tl (ir*(M\ u )[*E}e3° n ) Q is r (because {£ G A | S e nE d = {Q}} = 
0)- 

Using the Mayer- Vietoris Theorem, we deduce that the Euler character- 
istic of the complex RT(E d ,DR V Wl (ir* (M\ u )[*E]e 9 °' K )) is equal to 



FORMAL STRUCTURE OF DIRECT IMAGE OF HOLONOMIC ©-MODULES 13 



_ r + Y^(r- Y, m e \+x(E d \{P,Qi,...,Q k }).r = - J^ m e 

i=1 sinE d ={Qi} s^nE^iD 

feA a 

Computation of the zeta function of the monodromy: Assume 
that (*) is fulfilled. The fact that for any £ G A, pi = 1 and the assumption 
(*) imply that St is a divisor with normal crossing (cf. Corollary 11,81 (2)). 

We denote by T* the complement of St in T and by Qi the intersection 
point of one Si with Ed, £ G A a . 




• (DR 7t*(A / J|[/)[*£ , ])|t* is a local system. We can define the mon- 
odromy endomorphism around Ed, Tp : (DR -k* (M.\u)[*E\) p — > 

(DR n*(M\u)[*E]) P , for any P G T*. As T* is connected and Sp 
has normal crossings, the characteristic polynomial of Tp does not 
depend on P G T*. We denote it by ( r . 

• To any £ G A a , we associate the characteristic polynomial Q of the 
monodromy of the local system <^(DR ^*(-M.\u))\a'\f(n „..-, around 

(0,0), where /i^ is an equation of S(. If /i£ is an equation of Si, 

as 7r is an isomorphism out of E, it coincides with the characteristic 

polynomial of the monodromy of ^(DR ■M)\s i \f(o,o)} around (0,0). 

Using the local behaviour of tt\ and g o it on Ed given by Lemma 1 1.71 we 

have: 

(1) In a neighbourhood of the point P, according to Lemma 11.41 3.. the 
zeta function of the monodromy of DR ^ ni (ir* (M\u)[*E]e 9 ° w ) p is 
equal to £~ . 

(2) In a neighbourhood of a point Qi, £ G A Q , according to Lemma fl~6| 
the zeta function of the monodromy of DR ^f 7T1 (ir*(M\u)[*E]e 90n )Q e 

is equal to CrCi" • 

(3) In a neighbourhood of a point Q G Ed\ {P,Qi,£ G A Q }, the zeta 
function of the monodromy of DR i & 7ri (ir*(M\u)[*E]e 90 ' K )Q is equal 
to Cr- 

Then, using the Mayer- Vietoris Theorem, we deduce that the zeta func- 
tion of the monodromy of RT(E d ,DR $> ni (ir* (M\u)[*E}e 9 ° n )) is equal to 

c- 1 . n iCrcr 1 )-^*™' 4 ^ = II cr 1 - 
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2. Realization of C[[t]] (c^-modules 
Let M be a formal holonomic C[[£]](c?t)-module. 

THEOREM 2.1. There exist a ramification p : t —>■ t = t p and a regular 
holonomic T> DxP i -module A4 such that p*{M) is isomorphic to the formal- 
ization of p*(H°pi+(Me P2 )) . 

Proof. We recall that we identify T>D t o with C{t}(dt), by choosing a coordi- 
nate t on D. We begin by stating two lemmas. 

LEMMA 2.2. (1) p 1+ (0 Dx¥ ie P2 ) = O d . 

(2) Pl+ (G Dxn [t- 1 }eP*) = D [t- 1 }. 

(3) Let (p,a) G N* x (r^ 1 .C^- 1 ]) . Let p : D' -> D, defined by p(r) = 
t = t p . We denote by Z the curve in D x P 1 parametrized by r — > 
(t p , a) and by Z the union of Z , {0} x P 1 and D x {oo}. 

p*p 1+ (0 DxW i[*Z}^) = e Dl [r~ l ]e a ^@0 Dl [r- l \. 

Proof. We just prove the third point. The first two points can be proved 
similary. 

Let p l : D xP^D and p 2 : D x P 1 — > P 1 be the canonical projections 
and p' = (p, id) : L>' x P 1 -> D x P 1 . 

First note that p> 1+ (C DxP i[*Z] e P 2 ) = P^O^pi!*//" 1 ^)]^) ( c f. 
Lemma ll.ip . 

Denote by fC' := p DR D i x¥1 , d i(O d i xpl [*p ^ 1 (Z)]e p 2) the relative de 
Rham complex of p\ concentrated in negative degrees. It consists in the 
complex 

o D , x]?1 [*p-Hz)]±o D , xWX [*p- l (z)}, 

with d(h) = (dpi(h) + hd ¥ \{p 2 )). 

By definition, p 1+ (0 D > xVl [*p- l {Z)}e p 'z) = Rp' lif (lC). We consider the 
spectral sequence H i - k (R k p' u (}C'),d) =>■ ^PiM'), wh ere (R k p' u (1C*),d) 

denotes the complex ^Vi^^'xpit*/ 9 '^^)]) ^ ^Vi*(0 D ' x pi[*/o' _1 (^)])- 
We claim that R k p u (0 D > xFl [*p'- 1 (Z)]) = 0, for k ^ 0. Indeed, let 
j : (£>' x P 1 ) \ p' _1 (^) ^5'xP 1 and P £ D' : 

R k p'u (o D/xr i*p- l (z)}) P = 
= R k p'i*Rj*r 1 {o D , x¥1 )p, 
= R k (pi°j)*r l (o D , xF1 ) P , 
= ^ UBPopen RnrHux^),j-Ho D/x¥1 )). 

As j~ l (U x P 1 ) = (U x C) \ // -1 (Z U {0} x C) is Stein, we conclude that 

R k p'i*{o D > x A*p- 1 {z)\) = 0, for k ? 0. 

Now (R°p u (lC'),d) is the complex: 

1 



£V 



-ev 



r n (v - "(£ r )) 

£P=1 §p=l 

with d(h) = (d y (h) + h). 



T n (y - «(£ r )) 
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Computation of H- 1 {h M p u {lC , ),d): 



Let h G O d > [y] 



l 

r n <3i-<*m) 



such that d(h) = 0. Thus h = Ce~ v , 



with C G O c / [i] and then ft = 0. Thus, H- l {R°p' u (K.'), d) = 0. 

Computation of H := H°(R p' u (}C'),d): 

We note first that H is generated over O d i [^] by 

{V m , ( y -afer))« i "i > 0, n > 1 and C p = 1}- " 

Moreover, if m,n > 0, we have: fa _^(g r)) n = (^(gr))"- 1 + 

jt-a(gS" and yTn - -my 171 ' 1 - 

Then W is generated over O d > [A] by {1, (y _ a (g T ))n ; n > 1 and £ p = 

1|. But we have -, ), Un = 7 tf^ttt- Then, 7Y is generated over 

<V[±] by {1, ^^^ £* = 1}. 

Then we have H = © <V ^"^- (y-aW)) © °£>' [ T_1 ]- 

As 5 -(^{|7)) = g r(a(er)). fa „ a ^ r))2 = ^(q^t)).^^, we 
have an isomorphism of T> D i -modules 



Lemma 12.21 follows. 

D 

LEMMA 2.3. Let M be a holonomic Dp-module and KA be a holonomic 
T> Dx j,i -module. Suppose that M is Op^i-flat. We have an isomorphism: 

Pt+(M ®o Dyrl p\{M)) = pi+(M) <8fe D N. 

Proof. First, we remark that M. <8e> 1 p\Af = M. ® p -iq P\ -A/", with the 
structure of P Dx pi-module given by £(m ® n) = £(m) ® n + £(pi)m ® dt(n), 
where £ is a local section of the sheaf of vector fields on D x P 1 . 

Denote by ^'DR^pi/^ (resp. ^ + x] pim) the relative de Rham functor 
of pi (resp. the complex of relative forms of p\). The differential d of the 
complex PDR Dx¥ i /D (M %^ 0d P^M) = ^'d x¥ i /d ®O nxvl (M ® p -^o D 
Pi Af) is defined by: 

d(w ® (m ® n)) = dw (8> (m <8> n) + dp2 Aw® <9 P i (m (8> n), 
= dw (8) (m (8 n) + dp2 Aw® (dpi (m) (8> n) , 

and the action of p^ T>jy is given by: 

dt(w (8 (m (8 n)) = to (8> (<9t?n (8 n) + to (8 (m (8 9tn). 

Then, we have an isomorphism of p\ 2?£>-modules: 

p T>R DxW i /D (M® pT i OD p^Af) = p T>R Dx¥ i /D {M)® p -i OD Pl l N. 
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We conclude with: 



P1+ (M 8fc pfCAO) 



= R Pu ( PBR DxF i /D (M ®o Dxpl pt(M))), 
= R Pu { PBR Dxpl/D (M) ® p -i OD PiHM)), 
= Rp u ( PBR DxFl/D (M) &<_ 10d Pi\Af)), 

( PBR DxF i /D (M) is p^Wflat), 

= R Pu ( ?BR Dx¥l/D (M) ®^ 1Vd (p^V D ® p ^ OD p^(M))), 

= R Pu ( PBR DxFl/D (M)) ®k D ho ®o D M), 
(Proposition 2.6.6 in [6]), 

□ 



Pi+(M)®hAf. 



According to the structure of a formal C[[t]](<9t) -module (cf. [1DJ ) , we are 
led to prove the theorem in the cases of regular modules and purely irregular 
modules. 

(1) Regular case: Suppose M regular. There exist a small disc D in C 
centered at the origin and a regular holonomic D^-module N ', such 
that the formalization of A/o is AT (cf. Theorem 5.3 p. 38 in |10j). 
Let M. be the regular holonomic Ppx pi -module p\{M). We have: 

Pi+(A4e*») = p 1+ (0 DxP ie^ ®o Dxrl pJCAO), 

= Pl+ (0 DxF ieP 2 ) ®^ D M, (Lemma £1, 
= °D ®o D Ni (Lemma E2D, 

= M. 

(2) Purely irregular case: Let (p,a) € N* x (r _1 .C[r -1 ]) and R a be a 
regular holonomic C[[r]](<9 T )-module, such that R^t^ 1 ] = R a . Let 

p : T _> * = t p and suppose p*(AT) = ^e a ^ T ). 

fj>=l 

There exist a small disc D in C centered at the origin and a 
regular holonomic T> D i -module i? Q such that the formalization of 
(R a )o is R a (cf. Theorem 5.3 p. 38 in [10]). But there exists a 
regular holonomic Dp-module Ra such that R a = p*(R a ), where 
p : D — ► D, p(r) = t = t p . Indeed, as p* is exact and R a is regular 
holonomic with i? Q [r _1 ] = R a , we can reduce the proof to the case 
where R a = V Dl /V D ,{{Td T - a) r ), with r G N* and a G C\(-N) (cf. 
Corollary 19 in [2]). Then, we consider R a = V D /V D ((td t - ^) r ). 

Using notations of Lemma 12.21 we denote by A4 the regular holo- 
nomic D£) X pi -module p\(R a )[*Z]/p\(R a )\t~ l \. According to Lem- 
mas E2 and E21 we have two isomorphisms: 

p*p 1+ (p* 1 (R a )[*Z}eP*) = @R a e a ^)@R a 
p*p 1+ {p\{R a )[t- l ]e^) = R a . 
Then the formalization of p*p\j r (M.e P2 ) is © R a e a ^ T ' . 

£P=1 

D 
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3. Direct image of holonomic D-module of exponential type: 

the algebraic case 

In this section, we prove Theorem l0.31 We consider J\f k := 7i k j + f + {M.e 9 ), 
the extension of TL k f + (A4e 9 ) at infinity, where j : A 1 ^-> A 1 U {00} ~ P 1 . 
Let c € P . The proof will be divided in two steps. 

(1) We consider the following diagrams 



C 2( -^ P 1 x P 1 ^-^B c x P 1 



Tl 



PI 



3c 



VI 



->B C1 



l 2C_!_^ pi x pi ^Jn x pi 



1>2 



l>2 



where m, ^2 (resp. p±, P2) are the two canonical projections. 
Then we have: 



f c (j + f + (Me°)T 



j*(j + TT 1+ (f,g)+(Me 9 ))™, 

(Prop. 6.4 in [lj and / = 7Q o (f,g)), 

j*(p 1+ i + (f,g)+(Me9))™, 

(Prop. 6.4 in pQ and j o m = p\ o i), 

j* cPl+ (i + (f,g) + (Me3)r n , 

(Prop 8.2.2 p. 179 in [T2]), 

p 1+ i*((i+(/, 5 ) + (M))e^) an , 

(i c is an open inclusion), 

Pi+(V c e P2 ). 



As the formalization of the germ Af k and of its analytization are 
equal, M k and H k pi+(V c e P2 ) c have the same formal irregular part. 
Then we claim that H k pi+(V c e P2 ) c and n°p 1+ (n k V c e P2 ) c have the 
same formal irregular part. According to the formal decomposi- 
tion Theorem (cf. Theorem 1.2 p. 43 and Theorem 2.3 p. 51 in 
[TO]), there exists a ramification p : D c — > D c , p(r) = t p = t, 
such that the modules p*{H k pi+{V c e P2 )) c and p*(H°p 1+ (H k P c e P2 )) c 
are isomorphic to the finite direct sum of some formal modules of 
exponential type. Then, it is sufficient to prove that, given an el- 
ement a € r -1 .C[r _1 ], the regular part of (p* (H k pi+(V c e P2 )) c )e- a 
and {p*(7i°pi + {TL k V c e P2 )) c )e~ a are isomorphic. Thus, we are led 
to prove that the specialization at c of (p* {7i k pi + {V c e P2 )))e~ a and 
(p*(H°pi+{H k V c e P2 )))e- a are isomorphic (cf. Example 5.2.1 in [7]). 

Let p = (p,id) : D' c x P 1 -> D c x P 1 . We denote by p' x : L> c x 
P 1 — ► D c and p 2 '■ D c x P 1 — > P 1 the canonical projection. Let 
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p x : {c} x P 1 — > {c}. We have: 
sp c ((p* (H k p l+ {V c e^)))e- a ) c 



[l] 

[2] 

[3: 

[4 






= sp c (n k p' 1+ (p*(V c )eP*)e- 

(Lemma 11.11 extended to complexes of V- modules) , 

= n% + sp {c}x¥l (p*(V c )e^- a ^) c , 
(Theorem 9.4.1 in [7]), 

= R k T({c} xPi.DR sp{c}xFl ( p '*(V c )eP*-«°Pi)[+l]), 
(p.5 in HB). 

According to Proposition ll.2l extended to complexes of P-modules, 
the support of spr c i x pi(p *(7- , c )e p 2 _ao Pi) is included in (c, oo). Then, 

sp c ((p*(H k Pl+ (Pce^)))e- a )c = 

= (H k DR sp {c}xpl ( / 9'*(P c )e^-V 1 )[ + i] )(Ci0o)) 

= (DR n k sp {c}xFl (p*(V c )eP2-^Pi)[ + l}) iC)00) , 

= R°T({c} x P\DR H fe s P{c}xpl (p'*(P c )e^— p'i)[+1]), 

= R°T({c} x p!,DR s P{c}xP i(p'*(W fc P c )eP2— p'i)[+1]), 

= n p' 1+ sp {c}xF1 (p'*(H k V c )eP2- a ° p!) C) 
(p.5 in [TU), 

= sp c (WVi + (p'*(H fe P c ) e ^- ao ^)) C) 
(Theorem 4.8.1 p. 226 in p7]), 

= sp c (wVi+(p'*(W fc ^ c )e^)e- c 
= sp c ((p*(W°j» 1+ (W*7' c eW)))e- 
(Lemma [TTTT) , 
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